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Abstract
In this paper, we discuss the limit behaviour of solutions to boundary value problem with
equivalued surface with m inner holes and give a different proof from that of Li Ta-tsien et
al. (1998).  2002 Elsevier Science (USA). All rights reserved.
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1. Introduction
Motivated by the study of resistivity well-logging in petroleum exploitation,
the boundary value problem with equivalued surface, a new type of boundary
value problem for partial differential equations, was proposed in the middle of
1970s. It is a kind of nonlocal boundary value problem, which can also be used to
give mathematical descriptions for some other problems in physics and mechanics
(cf. [1,2]).
In many practical problems, the boundary with equivalued surface (for
example, the boundary of cross section of a cable, or the boundary of an inner
hole of cross section of a rod, etc.) is a closed surface and the diameter of the
equivalued surface boundary is much smaller than the diameter of domain. Since
the total flux on the equivalued surface boundary is a given constant, the variation
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of solution near this kind of boundary should be quite big, and then in finite
element procedure it is necessary to have a refined partition of elements near this
boundary. This causes a complexity in computation. To overcome this difficulty,
when the diameter of the equivalued surface boundary is small enough, Li Ta-tsien
et al. proposed a approximate method that the equivalued surface boundary can
be approximately regarded as a point and correspondingly the boundary condition
on them can be approximately replaced by a point source.
The study on the limit behaviour of solutions to boundary value problem
with equivalued surface will provide a mathematical foundation for the above
approximate method. When the outer boundary condition is Dirichlet boundary
condition and the interior boundary condition is only one equivalued surface
boundary condition, namely, in the case of only one inner hole, Li Ta-tsien et al.
have studied the limit behaviour of solutions in [1]. However, in the general case,
the domain contains m inner holes; so we need to consider m equivalued surface
boundary conditions. This paper will deal with the limit behaviour of solutions to
boundary value problem with equivalued surface with m inner holes. Especially,
we give a different proof from [1]. Furthermore we state the application to the
torsion problem for an elastic rod with multiply connected cross section.
2. Limit behaviour of solutions
In this section, we will study the limit behaviour of solutions to boundary value
problem with equivalued surface with m small inner holes.
Let Ω be a bounded domain in RN (N  2) with suitable smooth boundary
∂Ω = Γ0, ai ∈ Ω , i = 1,2, . . . ,m (m is a finite positive integer), and ai = aj
(i = j ). For any given small ε > 0, we denote
Bε(ai)=
{
x | |x − ai |< ε
}
, (2.1)
with the boundary
Γiε =
{
x | |x − ai | = ε
}
, i = 1,2, . . . ,m, (2.2)
and satisfying
Bε(ai) ∩Bε(aj )= ∅, i = j. (2.3)
Let
Ωε =Ω
∖ m⋃
i=1
Bε(ai), (2.4)
where Bε(ai) denotes the closure of Bε(ai) (see Fig. 1).
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Fig. 1.
We consider the following boundary value problem with equivalued surface
on Ωε:
(Pε)


Luε
=−∑Ni,j=1 ∂∂xi (aij (x) ∂uε∂xj )= 0 in Ωε,
uε = 0 on Γ0,
uε = Ciε (a constant to be determined) on Γiε,∫
Γiε
∂uε
∂nL
ds =Aiε (a given constant) (i = 1,2, . . . ,m),
where aij ∈W 1,∞(Ω) (i, j = 1, . . . ,N), and
N∑
i,j=1
aij (x)ξiξj  λ0|ξ |2, ∀ξ ∈ RN, for a.e. x ∈Ω, (2.5)
λ0 being a fixed positive constant; moreover,
∂uε
∂nL
=
N∑
i,j=1
aij ni
∂uε
∂xj
denotes the conormal derivative and n = {n1, . . . , nN } is the unit outward normal
vector on Γiε (i = 1,2, . . . ,m).
We make the following assumption:
Aiε →Ai (i = 1,2, . . . ,m), as ε→ 0. (2.6)
Let
u˜ε =
{
uε in Ωε,
uε|Γiε in Bε(ai) (i = 1,2, . . . ,m). (2.7)
For every 1 p <+∞, let
V (p)ε =
{
v ∈W 1,p0 (Ω) | v|Bε(ai) = const, i = 1,2, . . . ,m
}
. (2.8)
Lemma 2.1. For any given v ∈W 1,p0 (Ω), 1  p < +∞, there exists vε ∈ V (p)ε
such that
vε → v strongly in W 1,p0 (Ω), as ε→ 0. (2.9)
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Proof. Take δ = min{dist(ai,Γ0), |ai − aj | | i = j, i, j = 1,2, . . . ,m} and ε0 =
δ/5. Let φ ∈ D(B2ε0(a1)) be such that φ ≡ 1 on Bε0(a1). For any given ε < ε0,
we set
vε(x)= v(x)−
m∑
i=1
φ
(
x − ai
ε
× ε0 + a1
)
×
(
v(x)− 1
measBε(ai)
∫
Bε(ai)
v dy
)
. (2.10)
It is easy to see that vε ∈ V (p)ε . We have∥∥D(vε − v)∥∥pLp(Ω)

m∑
i=1
[(
ε0
ε
)p
‖Dφ‖p
L∞(B2ε0 (a1))
∥∥∥∥∥v − 1measBε(ai)
∫
Bε(ai)
v
∥∥∥∥∥
p
Lp(B2ε(ai))
+ ‖φ‖pL∞(B2ε0 (a1))‖Dv‖
p
Lp(B2ε(ai))
]
. (2.11)
Moreover,∫
B2ε(ai)
∣∣∣∣∣v − 1measBε(ai)
∫
Bε(ai)
v
∣∣∣∣∣
p
dx
=
(
ε
ε0
)N ∫
B2ε0 (a1)
∣∣∣∣∣v
(
ε
ε0
(y − a1)+ ai
)
− 1
measBε0(a1)
∫
Bε0 (a1)
v
∣∣∣∣∣
p
dy.
(2.12)
Since ∫
Bε0 (a1)
(
v − 1
measBε0(a1)
∫
Bε0 (a1)
v
)
dy = 0,
a straightforward modification of Poincaré–Friedrichs inequality yields a constant
C(B2ε0(a1),Bε0(a1)) such that∫
B2ε0 (a1)
∣∣∣∣∣v − 1measBε0(a1)
∫
Bε0 (a1)
v
∣∣∣∣∣
p
dy
C
(
B2ε0(a1),Bε0(a1)
) ∫
B2ε0 (a1)
|Dyv|p dy. (2.13)
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(2.12) and (2.13) yield
∫
B2ε(ai)
∣∣∣∣∣v − 1measBε(ai)
∫
Bε(ai)
v
∣∣∣∣∣
p
dx

(
ε
ε0
)p
C
(
B2ε0(a1),Bε0(a1)
) ∫
B2ε(ai)
|Dv|p dx. (2.14)
By (2.11) and (2.14) it follows that∥∥D(vε − v)∥∥pLp(Ω)

m∑
i=1
[‖Dφ‖pL∞(B2ε0 (a1))C(B2ε0(a1),Bε0(a1))‖Dv‖pLp(B2ε(ai))
+ ‖φ‖pL∞(B2ε0 (a1))‖Dv‖
p
Lp(B2ε(ai))
]
. (2.15)
By the absolute continuity of the Lebesgue integral and noting that φ ∈
D(B2ε0(a1)) and v ∈W 1,p0 (Ω), Lemma 2.1 follows from (2.15). ✷
Let
Vε =
{
v ∈W 1,2(Ωε) | v|Γ0 = 0, v|Γiε = const, i = 1,2, . . . ,m
} (2.16)
be a close subspace of W 1,2(Ωε).
Lemma 2.2. Under hypotheses (2.5) and (2.6), for any given ε > 0 small enough,
problem (Pε) admits a unique weak solution uε ∈ Vε; moreover, we have
‖uε‖W 1,q (Ωε)  C1, ∀1 q <N/(N − 1), (2.17)
where C1 is a positive constant independent of ε but depending on q .
Proof. By Lax–Milgram theorem, for any fixed ε > 0, problem (Pε) admits a
unique weak solution uε ∈ Vε such that
∫
Ωε
N∑
i,j=1
aijDivDjuε dx =
m∑
i=1
Aiεv|Γiε , ∀v ∈ Vε. (2.18)
In order to get (2.17), we use the method in [3]. For k  0, let us define the
functionψk(s)=min{(|s|−k)+,1}sign(s) (here t+ denotes the positive part of t)
and the set Bk = {x ∈ Ωε: k  |uε(x)| < k + 1}. Taking v = ψk(uε) in (2.18),
(2.5) and (2.6) yield
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λ0
∫
Bk
|Duε|2 dx 
∫
Ωε
N∑
i,j=1
aij (x)ψ
′
k(uε)DiuεDjuε dx

∣∣∣∣∣
m∑
i=1
Aiεψk(uε|Γiε )
∣∣∣∣∣
m∑
i=1
|Aiε| C2. (2.19)
From now we denote by C2,C3, . . . various positive constants only depending on
the know data of the problem, but independent of ε.
For any given λ > 1, (2.19) implies that∫
Ωε
|Duε|2
(1+ |uε|)λ dx =
∞∑
k=0
∫
Bk
|Duε|2
(1+ |uε|)λ dx 
∞∑
k=0
1
(1+ k)λ
C2
λ0
= C3.
(2.20)
For any given q < 2, by Hölder’s inequality we get
∫
Ωε
|Duε|q dx 
( ∫
Ωε
|Duε|2
(1+ |uε|)λ dx
)q/2
×
( ∫
Ωε
(
1+ |uε|
)λq/(2−q)
dx
)(2−q)/2
Cq/23
( ∫
Ωε
(
1+ |uε|
)λq/(2−q)
dx
)(2−q)/2
. (2.21)
Choosing λ and q such that
λq/(2− q) < Nq/(N − q) = q∗ and q <N/(N − 1), (2.22)
by Young’s inequality we get(
1+ |uε|
)λq/(2−q)  η|uε|q∗ +C4(η), (2.23)
where η is a positive constant small enough and C4(η) denotes a positive constant
depending only on η. (2.23) and (2.21) yield
∫
Ωε
|Duε|q dx  (C3)q/2
(
η
∫
Ωε
|uε|q∗ dx +measΩC4(η)
)(2−q)/2
, (2.24)
then, by Sobolev imbedding theorem and Poincaré’s inequality we get
∫
Ωε
|Duε|q dx  C5η(2−q)/2
( ∫
Ωε
|Duε|q dx
)q∗(2−q)/(2q)
+C6(η). (2.25)
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Noting that q∗(2 − q)/2 < q if N  3 and q∗(2 − q)/2 = q if N = 2, we can
choose η so small that∫
Ωε
|Duε|q dx  C7. (2.26)
Thus, using Poincaré’s inequality, (2.17) follows from (2.26). This finishes the
proof. ✷
One of the main results in this paper is
Theorem 2.1. Under hypotheses (2.5) and (2.6), if aij ∈ W 1,∞(Ω) (i, j =
1, . . . ,N), let u˜ε ∈W 1,20 (Ω) be the extension of the solution uε to problem (Pε).
We have that as ε tends to zero,
u˜ε ⇀ u weakly in W 1,q0 (Ω), ∀1 q <N/(N − 1); (2.27)
consequently,
u˜ε → u strongly in Lr(Ω),
{∀1 r < N/(N − 2) (if N  3),
∀1 r <+∞ (if N = 2). (2.28)
Moreover, u is the unique solution to the following problem
(P )
{
Lu=∑mi=1 Aiδ(x − ai) in Ω,
u= 0 on Γ0,
where δ(x − ai) stands for the Dirac mass at the point ai .
Proof. By Lemma 2.2 and Poincaré’s inequality, there exits a positive constant
C8 independent of ε such that
‖u˜ε‖W 1,q0 (Ω)  C8, ∀1 q <N/(N − 1). (2.29)
By (2.29), there exist a subsequence of {u˜ε} (still denoted by {u˜ε}) and u ∈
W
1,q
0 (Ω) such that
u˜ε ⇀ u weakly in W 1,q0 (Ω), ∀1 q <N/(N − 1). (2.30)
Then, by Sobolev compact imbedding theorem we get
u˜ε → u strongly in Lr(Ω),
{∀1 r < N/(N − 2) (if N  3),
∀1 r <+∞ (if N = 2). (2.31)
Let q ′ be the conjugate exponent of q . By the definition of V (q ′)ε (here p = q ′),
for any given v ∈ V (q ′)ε , (2.18) still holds; that is,
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∫
Ωε
N∑
i,j=1
aijDivDj uε dx =
m∑
i=1
Aiεv|Γiε , ∀v ∈ V (q
′)
ε . (2.32)
Fixing ε0 > 0, for any ε with 0 < ε < ε0 we have V (q
′)
ε0 ⊂ V (q
′)
ε . For any given
vε0 ∈ V (q
′)
ε0 , putting v = vε0 in (2.32) we have∫
Ωε
N∑
i,j=1
aijDivε0Djuε dx =
m∑
i=1
Aiεvε0 |Γiε . (2.33)
Noting q ′ >N , by Sobolev imbedding theorem we have
∫
Ω
N∑
i,j=1
aijDivε0Dj u˜ε dx =
m∑
i=1
Aiε
〈
δ(· − ai), vε0
〉
M(Ω),C0(Ω). (2.34)
Then, taking ε→ 0 in (2.34) we get
∫
Ω
N∑
i,j=1
aijDjuDivε0 dx =
m∑
i=1
Ai
〈
δ(· − ai), vε0
〉
M(Ω),C0(Ω). (2.35)
For any given v ∈W 1,q ′0 (Ω), by Lemma 2.1 it follows from (2.35) that∫
Ω
N∑
i,j=1
aijDivDj udx =
m∑
i=1
Ai
〈
δ(· − ai), v
〉
M(Ω),C0(Ω). (2.36)
It is easy to see that (2.36) is also satisfied for any given v ∈⋃q ′>N W 1,q ′0 (Ω).
Hence u is a weak solution to problem (P ). Noting aij ∈ W 1,∞(Ω) (i, j =
1, . . . ,N), by [4] u is the unique weak solution to problem (P ) in the sense of
(2.36). Therefore the whole sequence {u˜ε} weakly converges to u in W 1,q0 (Ω).
This completes the proof of Theorem 2.1. ✷
Remark 2.1. Theorem 2.1 generalizes the results of Theorem 3.3.1 in [1] to the
case of m inner holes, and the method used is different from [1].
Remark 2.2. When the equation to problem (Pε) is replaced by the inhomoge-
neous equation
Luε = F(x) in Ωε, (2.37)
where F(x) is a given function in L2(Ω). Then Theorem 2.1 still holds.
Remark 2.3. Suppose that every Bε(ai) is replaced by Biε being star-shaped
domain with respect to the point ai ,
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Biε =
{
x = τσ + ai ∈Ω | σ ∈ SN−1, τ ∈ [0, εRiε(σ ))
}
,
i = 1,2, . . . ,m, (2.38)
with
Γiε =
{
x = τσ + ai | σ ∈ SN−1, τ = εRiε(σ )
}
, (2.39)
where every Riε(σ ) is smooth function on SN−1 satisfying
0 < a(i)1 Riε(σ ) a
(i)
2 , ‖Riε‖Lip(SN−1)  b(i),
i = 1,2, . . . ,m, (2.40)
where a(i)1 , a
(i)
2 , b
(i) are positive constants independent of ε. Then Theorem 2.1
still holds.
Remark 2.4. When F(x)≡ 1 in Remark 2.2, Aiε is the volume of Bε(ai), Ai = 0
in (2.6), Aij = δij , the case can be applied to the torsion problem for an elastic
rod with multiply connected cross section with m small inner holes (cf. [1]).
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